In a previous paper M.P. Chen, Z.-R. Wu and Z.-Z. Zou [M.P. Chen, Z.-R. Wu, Z.-Z. Zou, On functions α-starlike with respect to symmetric conjugate points, J. Math. Anal. Appl. 201 (1996) 25-34] developed a method, using some operators, to deal with functions analytic and starlike with respect to symmetric conjugate points in the unit disc. Then, the same method is employed to functions meromorphic by Z.Z. Zou and Z.-R. Wu [Zhong Zhu Zou, Zhuo-Ren Wu, On meromorphically starlike functions and functions meromorphically starlike with respect to symmetric conjugate points, J. Math. Anal. Appl. 261 (2001) 17-27]. Now, the method can be employed to functions meromorphic harmonic in the punctured disc 0 < |z| < 1. Especially, a sharp coefficient estimate and a structural representation of such functions are obtained.
Introduction
A continuous function f = u+iv is a complex valued harmonic function in a complex domain D if both u and v are real harmonic in D. In any simply connected domain D ⊂ C we can write f = h +ḡ, where h and g are analytic in D. A necessary and sufficient condition for f to be locally univalent and sense preserving in D is that |h (z)| > |g (z)| in D (see [2] ). In [6] , there is a more comprehensive study on harmonic univalent functions. In [3] , Hengartner and Schober investigated functions harmonic in the exterior of the unit discŨ = {z: |z| > 1}. They showed that complex valued, harmonic, sense preserving, univalent mapping f must admit the representation f (z) = h(z) + g(z) + A log |z|, where h(z) = αz + ∞ n=1 a n z −n and g(z) = βz + ∞ n=1 b n z −n , 0 |β| < |α|, A ∈ C. Also, Jahangiri and Silverman [8] , Jahangiri [5] and Murugusundaramoorthy [10, 11] have studied the classes of meromorphic harmonic functions. Let MH denote the class of functions
which are univalent harmonic in the punctured unit disc U \ {0}. h(z) and g(z) are analytic in U \ {0} and U , respectively and h(z) has a simple pole at the origin with residue 1 here. Denote by the class PH of all the functions of the form p = s +t that are harmonic in U and such that for z ∈ U , Re p(z) > 0, where
q n z n are analytic in U (see [9] ). A function f (z) ∈ MH is said to be in the subclass MHS * of meromorphically harmonic starlike in U \ {0} if it satisfies the condition
Also, a function f (z) ∈ MH is said to be in the subclass MHK of meromorphically harmonic convex in U \ {0} if it satisfies the condition
This classification (3) but for harmonic univalent functions was first used by Jahangiri [4] . We now define two operators D and T as follows [1, 12] :
(1) The operator T : For
(2) The operator D:
where
The operator D was first applied to Salagean-type harmonic univalent functions by Jahangiri et al. [7] .
It is easily verifiable that D and T are well-defined in MH and have the following properties:
Note that the condition (2) is
and the condition (3) is
Now we define a new class MHS * SC (α) (see [1, 13] ).
Definition 1.1. A function f ∈ MH with h(z)+g(z) zh (z)−zg (z)
= 0 in U \ {0} is said to be meromorphically harmonic α-starlike with respect to symmetric conjugate points, if it satisfies
for some α 0. This class is denoted MHS *
SC (α).
In this paper, the classes MHS * , MHK and MHS * SC (α) are discussed and some properties of these classes such as coefficient estimates and a structural formula are obtained.
Let us adopt the symbol
Some results of the class MHS
is satisfied, then f ∈ MHS * .
Proof. Set
It is sufficient to prove that
From (7) we obtain, for z ∈ U , (n − 1)a n z n+1 + |z|
Since
and
by (10) and (11), we see that inequality (9) holds in U \ {0}. The case z = 0 is trivial. Hence p(z) ∈ PH. So the proof of Theorem 2.1 is complete. 2
The estimate (12) is sharp and the equality is attained for the function f 0 (z)
Proof. Since f ∈ MHS * , hence the inequality (9) holds. This implies that
Therefore for every r ∈ (0, 1) and letting z = re iθ , 0 θ 2π , we have
and hence
Let r → 1 − ; (13) yields (12) . It is easily seen that f 0 (z) ∈ MHS * . Thus we complete the of Theorem 2.3. 2
Corollary 2.4. Let f (z)
= h(z) + g(z) ∈ MH. If f ∈ MHK, then ∞ n=1 n 3 |a n | 2 − |b n | 2 1.
The class MHS *

SC (α)
Theorem 3.1. If
then Tf ∈ MHS * .
Proof. Setting
we have Re{p(z)} > 0. We also have
From (14) and (15), we obtain
Since Re{p(z)} > 0 for all z ∈ U \ {0}, and Re{p(−z)} = Re{p(−z)} > 0 for all z ∈ U \ {0}, therefore from (16) we have
This means that Tf ∈ MHS * . So the proof of Theorem 3.1 is complete. 2
hence from Theorems 2.3 and 3.1, we obtain
SC , then we can see from Theorem 3.1 that Tf * = T D α f ∈ MHS * . Further, by using T D = DT we get
This means that Tf ∈ MHS * (α). The proof of Theorem 3.3 is complete. 2
Theorem 3.4. If
and the condition
is satisfied, then f ∈ MHS * SC .
Proof. Let p(z) = −
Df (z)
Tf (z) , z ∈ U \ {0}, and p(0) = 1. We need only to prove that
After some computations, we see that we need only
There after some easy computations for n odd and even, we have
From (17) and (20), we see that inequality (19) holds. This complete proof of Theorem 3.4. 2 Remark 3.1. If the a n (n = 1, 2, . . .) are real and satisfy the condition
then
If f and F are
then the convolution (or Hadamard product) of f and F if defined to be the function
b n B n z n .
Theorem 3.5. A function
b n z n belongs to MHS * SC , there exist a function p ∈ PH and a function K ∈ MHS * with real coefficients such that K is satisfies
Tf (z) , and
By Theorem 3.3, Tf (z) ∈ MHS * , and hence, for z ∈ U \ {0},
Moreover, we have
Since p ∈ PH, hence the condition (22) holds. Conversely, for f (z) ∈ MH, if there exist a function p ∈ PH and a function K ∈ MHS * with real coefficients such that conditions (22) and (23) 
Since the functions (−iK(−iz)) and Tf (z) belong to MH, from (28) we have
Tf (z) = −iK(−iz).
This completes the proof of Theorem 3.5. 2
